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We identify a quantum lift of the greedy basis for rank 2 coefficient-
free cluster algebras. Our main result is that our construction does
not depend on the choice of initial cluster, that it builds all cluster
monomials, and that it produces bar-invariant elements. We also
present several conjectures related to this quantum greedy basis
and the triangular basis of Berenstein and Zelevinsky [1].
quantum cluster algebras | quantum greedy basis | triangular basis
C luster algebras were introduced by Fomin and Zelevinsky[2] as a combinatorial tool for understanding the canon-
ical basis and positivity phenomena in the coordinate ring of
an algebraic group. This was followed by the definition of
quantum cluster algebras by Berenstein and Zelevinsky [3] as
a similar combinatorial tool for understanding canonical bases
of quantum groups.
In connection with these foundational goals, it is impor-
tant to understand the various bases of cluster algebras and
quantum cluster algebras. In this paper, we confirm the ex-
istence of a quantum greedy basis in rank 2 quantum cluster
algebras. It is independent of the choice of an initial cluster,
contain all cluster monomials, and specializes at v = 1 to the
greedy basis of a classical rank 2 cluster algebra introduced
by Lee, Li, and Zelevinsky [4].
Another important basis in an acyclic quantum cluster
algebra is the triangular basis of Berenstein and Zelevinsky
[1]. Like triangular bases, quantum greedy bases can be eas-
ily computed. This enables us to study and compare these
bases computationally.
The structure of the paper is as follows. Section 1 begins
with a recollection on rank 2 commutative cluster algebras.
We recall the construction of greedy bases here and in the
process we provide a new axiomatic description of the greedy
basis. In Section 2 we review the definition of rank 2 quan-
tum cluster algebras. In Section 3 we present our main result:
the existence of a quantum lift of the greedy basis using the
axiomatic description. Section 4 recalls the definition of the
triangular basis and Section 5 provides an overview of results
and open problems on the comparison between various bases
of rank 2 quantum cluster algebras.
1. Rank 2 Cluster Algebras and Their Greedy Bases
Fix positive integers b, c > 0. The commutative cluster alge-
bra A(b, c) is the Z-subalgebra of Q(x1, x2) generated by the
cluster variables {xm}m∈Z, where the xm are rational func-
tions in x1 and x2 defined recursively by the exchange rela-
tions
xm+1xm−1 =
{
xbm + 1 if m is odd;
xcm + 1 if m is even.
It is a fundamental result of Fomin and Zelevinsky [2] that,
although the exchange relations appear to produce rational
functions, one always obtains a Laurent polynomial whose de-
nominator is simply a monomial in x1 and x2. They actually
showed the following slightly stronger result.
Theorem 1. ([2, Theorem 3.1], Laurent Phenomenon) For any
m ∈ Z we have A(b, c) ⊂ Z[x±1m , x
±1
m+1].
The cluster algebra A(b, c) is of finite type if the collection
of all cluster variables is a finite set. Fomin and Zelevinsky
[5] went on to classify cluster algebras of finite type.
Theorem 2. ([5, Theorem 1.4]) The cluster algebra A(b, c) is of
finite type if and only if bc ≤ 3.
The proof of this theorem in particular establishes a connec-
tion between denominator vectors of cluster variables and al-
most positive roots in a root system Φ ⊂ Z2. Thus we say
A(b, c) is of affine (resp. wild) type if bc = 4 (resp. bc ≥ 5).
An element x ∈
⋂
m∈Z Z[x
±1
m , x
±1
m+1] is called universally
Laurent since the expansion of x in every cluster is Laurent.
If the coefficients in the Laurent expansion of a nonzero ele-
ment x in each cluster are positive integers, then x is called
universally positive. A universally positive element in A(b, c)
is said to be indecomposable if it cannot be expressed as a sum
of two universally positive elements.
Sherman and Zelevinsky [6] studied in great detail the col-
lection of indecomposable universally positive elements. One
of their main results is the following: if the commutative clus-
ter algebra A(b, c) is of finite or affine type, then the indecom-
posable universally positive elements form a Z-basis in A(b, c),
moreover this basis contains the set of all cluster monomials{
xa1m x
a2
m+1 : a1, a2 ∈ Z≥0,m ∈ Z
}
.
However the situation in the wild-types becomes much
more complicated. In particular, it was shown by Lee, Li, and
Zelevinsky [7] that for bc ≥ 5 the indecomposable universally
positive elements of A(b, c) are not linearly independent.
The greedy basis of A(b, c) introduced by Lee, Li, and
Zelevinsky [4] is a subset of the indecomposable universally
positive elements which admits a beautiful combinatorial de-
scription. In this section we will describe a new axiomatic
characterization of the greedy basis.
The elements of the greedy basis take on a particular form
which is motivated by a well-known pattern in the initial clus-
ter expansion of cluster monomials. An element x ∈ A(b, c) is
pointed at (a1, a2) ∈ Z
2 if it can be written in the form
x = x−a11 x
−a2
2
∑
p,q≥0
e(p, q)xbp1 x
cq
2
with e(0, 0) = 1 and e(p, q) = e(a1, a2, p, q) ∈ Z for all p, q ≥ 0.
It is well-known that xa11 x
a2
2 is the denominator of a cluster
monomial if and only if (a1, a2) ∈ Z
2 \ Φim+ (cf. [8, 9]), where
Φim+ is the set of positive imaginary roots, i.e.
Φim+ :=
{
(a1, a2) ∈ Z
2
>0 : ca
2
1 − bca1a2 + ba
2
2 ≤ 0
}
.
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Fig. 1: Support region of (quantum) greedy elements.
For (a1, a2) ∈ Φ
im
+ , define the region
Rgreedy =
{
(p, q) ∈ R2≥0
∣∣∣∣ q + (b− ba2ca1
)
p < a1 or
p+
(
c−
ca1
ba2
)
q < a2
}
∪
{
(0, a1), (a2, 0)
}
.
In other words, Rgreedy is the region bounded by the broken
line
(0, 0), (a2, 0), (a1/b, a2/c), (0, a1), (0, 0),
with the convention that this region includes the closed seg-
ments [(0, 0), (a2, 0)] and [(0, a1), (0, 0)] but excludes the rest
of the boundary (see Fig. 1).
We can define greedy elements in two different ways, ei-
ther by axioms or by recurrence relations. Here we choose to
define them using recurrence relations as follows.
Theorem 3. ([4, Proposition 1.6]) For each (a1, a2) ∈ Z
2, there
exists a unique element in A(b, c) pointed at (a1, a2) whose
coefficients e(p, q) satisfy the following recurrence relation:
e(0, 0) = 1,
e(p, q) =

p∑
k=1
(−1)k−1e(p− k, q)
(
[a2−cq]++k−1
k
)
if ca1q ≤ ba2p;
q∑
ℓ=1
(−1)ℓ−1e(p, q − ℓ)
(
[a1−bp]++ℓ−1
ℓ
)
if ca1q ≥ ba2p,
where we use the standard notation [a]+ = max(a, 0).
We define the greedy element pointed at (a1, a2), denoted
x[a1, a2], to be the unique element determined by Theorem 3.
For (a1, a2) ∈ Φ
im
+ , we give a new characterization for the
greedy element.
Theorem 4. For each (a1, a2) ∈ Φ
im
+ , the pointed coefficients
e(p, q) of the greedy element x[a1, a2] are uniquely determined
by the following two axioms:
• (Support) e(p, q) = 0 for (p, q) 6∈ Rgreedy;
• (Divisibility)
– if a2 > cq, then (1 + t)
a2−cq
∣∣∣∑i e(i, q)ti;
– if a1 > bp, then (1 + t)
a1−bp
∣∣∣∑i e(p, i)ti.
The key step in the proof of Theorem 4 is based on an
observation made in [4, Section 2]: the first (resp. second)
recurrence relation in Theorem 3 is equivalent to the van-
ishing of the (p, q)-th coefficient of the Laurent expansion of
x[a1, a2] with respect to the cluster {x0, x1} (resp. {x2, x3}).
It is straightforward to check that such vanishing implies the
Support and Divisibility axioms in Theorem 4.
The following theorem summarizes the results from [4].
Theorem 5. ([4, Theorem 1.7])
(a) The greedy elements x[a1, a2] for (a1, a2) ∈ Z
2 form a
Z-basis in A(b, c), which we refer to as the greedy basis.
(b) The greedy basis is independent of the choice of an
initial cluster.
(c) The greedy basis contains all cluster monomials.
(d) Greedy elements are universally positive and indecom-
posable.
Our goal in this work is to generalize the above theorem
to the setting of rank 2 quantum cluster algebras. The proof
of Theorem 5 given in [4] uses combinatorial objects called
compatible pairs in an essential way (cf. [4, Theorem 1.11]).
Unfortunately this method has difficulties/limitations in gen-
eralizing to the study of quantum cluster algebras. More pre-
cisely, if one could simply assign a power of v to each compat-
ible pair then the quantum greedy elements would have again
been universally positive, which is unfortunately false in gen-
eral (see the example at the end of Section 3). This motivates
our new approach to Theorem 5, with the exception of (d),
which can easily be generalized to the quantum setting.
2. Rank 2 Quantum Cluster Algebras
In this section we define our main objects of study, namely
quantum cluster algebras, and recall important fundamental
facts related to these algebras. We restrict attention to rank
2 quantum cluster algebras where we can describe the setup
in very concrete terms. We follow (as much as possible) the
notation and conventions of [1, 4].
Consider the following quantum torus
T = Z[v±1]〈X±11 , X
±1
2 : X2X1 = v
2X1X2〉
(this setup is related to the one in [10] which uses the for-
mal variable q instead of v by setting q = v−2). There are
many choices for quantizing cluster algebras, to rigidify the
situation we require the quantum cluster algebra to be in-
variant under a certain involution. The bar-involution is the
Z-linear antiautomorphism of T determined by f(v) = f(v−1)
for f ∈ Z[v±1] and
fXa11 X
a2
2 = fX
a2
2 X
a1
1 = v
2a1a2fXa11 X
a2
2 (a1, a2 ∈ Z).
An element which is invariant under the bar-involution is said
to be bar-invariant.
Let F be the skew-field of fractions of T . The quantum
cluster algebra Av(b, c) is the Z[v
±1]-subalgebra of F gener-
ated by the quantum cluster variables {Xm}m∈Z defined re-
cursively from the quantum exchange relations
Xm+1Xm−1 =
{
vbXbm + 1 if m is odd;
vcXcm + 1 if m is even.
By a simple induction one can easily check the follow-
ing (quasi-)commutation relations between neighboring clus-
ter variables Xm, Xm+1 in Av(b, c):
Xm+1Xm = v
2XmXm+1 (m ∈ Z). [1]
It then follows that all cluster variables are bar-invariant,
therefore Av(b, c) is also stable under the bar-involution.
Moreover, equation [1] implies that each cluster {Xm, Xm+1}
generates a quantum torus
Tm = Z[v
±1]〈X±1m , X
±1
m+1 : Xm+1Xm = v
2XmXm+1〉.
It is easy to see that the bar-involution does not depend on
the choice of an initial quantum torus Tm.
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The appropriate quantum analogues of cluster monomials
for Av(b, c) are the (bar-invariant) quantum cluster monomi-
als which are certain elements of a quantum torus Tm, more
precisely they are
X(a1,a2)m = v
a1a2Xa1m X
a2
m+1 (a1, a2 ∈ Z≥0, m ∈ Z).
The following quantum analogue of the Laurent Phe-
nomenon was proven by Berenstein and Zelevinsky [3].
Theorem 6. ([3, Corollary 5.2]) For any m ∈ Z we have
Av(b, c) ⊂ Tm. Moreover,
Av(b, c) =
⋂
m∈Z
Tm.
A nonzero element of Av(b, c) is called universally positive
if it lies in
⋂
m∈Z Z≥0[v
±1][X±1m , X
±1
m+1]. A universally positive
element in Av(b, c) is indecomposable if it cannot be expressed
as a sum of two universally positive elements.
It is known as a very special case of the results of
[11, 12, 13, 14, 15] that cluster monomials are universally pos-
itive Laurent polynomials. Explicit combinatorial expressions
for these positive coefficients can be obtained from the results
of [16, 17, 18].
3. Quantum Greedy Bases
This section contains the main result of the paper. Here we
introduce the quantum greedy basis and present its nice prop-
erties.
Analogous to the construction of greedy elements, the ele-
ments of the quantum greedy basis take on the following par-
ticular form. An element X ∈ Av(b, c) is said to be pointed at
(a1, a2) ∈ Z
2 if it has the form
X =
∑
p,q≥0
e(p, q)X
(bp−a1,cq−a2)
1
with e(0, 0) = 1 and e(p, q) ∈ Z[v±1] for all p and q.
The next theorem is an analogue of Theorem 3, to state
our result precisely we need more notation. Let w denote a
formal invertible variable. For n ∈ Z, k ∈ Z≥0 define the
bar-invariant quantum numbers and bar-invariant quantum
binomial coefficients by
[n]w =
wn − w−n
w − w−1
= wn−1 + wn−3 + · · ·+ w−n+1;[
n
k
]
w
=
[n]w [n− 1]w · · · [n− k + 1]w
[k]w [k − 1]w · · · [1]w
.
Recall that
[
n
k
]
w
will always be a Laurent polynomial in w.
Hence taking w = vb or vc we obtain Laurent polynomials in
v as well.
Theorem 7. For each (a1, a2) ∈ Z
2, there exists a unique ele-
ment in Av(b, c) pointed at (a1, a2) whose coefficients e(p, q)
satisfy the following recurrence relation: e(0, 0) = 1,
e(p, q) =

p∑
k=1
(−1)k−1e(p− k, q)
[
[a2−cq]++k−1
k
]
vb
if ca1q ≤ ba2p;
q∑
ℓ=1
(−1)ℓ−1e(p, q − ℓ)
[
[a1−bp]++ℓ−1
ℓ
]
vc
if ca1q ≥ ba2p.
We define the quantum greedy element pointed at (a1, a2),
denoted X[a1, a2], to be the unique element determined by
Theorem 7.
The following theorem is analogous to Theorem 4.
Theorem 8. For each (a1, a2) ∈ Φ
im
+ , the pointed coefficients
e(p, q) of X[a1, a2] are uniquely determined by the following
two axioms:
• (Support) e(p, q) = 0 for (p, q) 6∈ Rgreedy;
• (Divisibility) Let t denote a formal variable which com-
mutes with v. Then
–
∏a2−cq
j=1
(
1 + vb(a2−cq+1−2j)t
)∣∣∣∑i e(i, q)ti;
–
∏a1−bp
j=1
(
1 + vc(a1−bp+1−2j)t
)∣∣∣∑i e(p, i)ti.
Theorem 8 follows from an argument similar to the proof
of Theorem 4.
Our main theorem below states that quantum greedy ele-
ments possess all the desired properties described in Theorem
5 except the positivity (d).
Theorem 9.
(a) The quantum greedy elements X[a1, a2] for (a1, a2) ∈
Z2 form a Z[v±1]-basis in Av(b, c), which we refer to as the
quantum greedy basis.
(b) The quantum greedy basis is bar-invariant and inde-
pendent of the choice of an initial cluster.
(c) The quantum greedy basis contains all cluster mono-
mials.
(d) If X[a1, a2] is universally positive, then it is indecom-
posable.
(e) The quantum greedy basis specializes to the commuta-
tive greedy basis by the substitution v = 1.
Full proofs of Theorems 7, 8 and 9 will appear elsewhere.
The hardest part is to show the existence of quantum greedy
elements, i.e. that the recursions in Theorem 7 terminate.
The main idea in the proof is to realize X[a1, a2] as a de-
generation of certain elements in Av(b, c) whose supports are
contained in the closure of Rgreedy.
We end this section with an example where positivity of
quantum greedy elements fails. Let (b, c) = (2, 3) and con-
sider the pointed coefficient e(2, 1) in the Laurent expansion
of X[3, 4]. Using Theorem 7, we see that e(2, 1) is not in
Z≥0[v
±1]:
e(2, 1) = e(1, 1)
[
1
1
]
v2
− e(0, 1)
[
2
2
]
v2
= e(1, 1) − e(0, 1)
= e(1, 0)
[
1
1
]
v3
− e(0, 1)
= e(0, 0)
[
4
1
]
v2
− e(0, 0)
[
3
1
]
v3
= (v6 + v2 + v−2 + v−6)− (v6 + 1 + v−6)
= v2 − 1 + v−2.
Further computation shows that the greedy elements X[3, 5],
X[5, 4], X[5, 7], X[5, 8], X[7, 5], X[7, 10], X[7, 11], etc. are not
positive. Similarly, positivity can be seen to fail for certain
quantum greedy elements when (b, c) = (2, 5), (3, 4), (4, 6).
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4. Triangular Bases
The construction of the triangular basis begins with the stan-
dard monomial basis. For every (a1, a2) ∈ Z
2, we define the
standard monomial M [a1, a2] (which is denoted E(−a1,−a2) in
[1]) by setting
M [a1, a2] = v
a1a2X
[a1]+
3 X
[−a1]+
1 X
[−a2]+
2 X
[a2]+
0 . [2]
It is known [3] that the elementsM [a1, a2] form a Z[v
±1]-basis
of Av(b, c).
The importance of this basis comes from its computability,
however this basis will not serve in our goals of understanding
quantum cluster algebras. Indeed, it is easy to see that the
standard monomials are not bar-invariant and do not contain
all the cluster monomials, moreover they are inherently de-
pendent on the choice of an initial cluster. These drawbacks
provide a motivation to consider the triangular basis (as de-
fined below) constructed from the standard monomial basis
with a built-in bar-invariance property.
As the name suggests the triangular basis is defined by a
triangularity property relating it to the standard monomial
basis. To describe this triangular relationship we introduce
the “v-positive” lattice L =
⊕
vZ[v]M [a1, a2] where the sum-
mation runs over all a1, a2 ∈ Z. We now define a new basis{
C[a1, a2] : (a1, a2) ∈ Z
2
}
by specifying how it relates to the
standard monomial basis:
(P1) Each C[a1, a2] is bar-invariant.
(P2) For each (a1, a2) ∈ Z
2, we have
C[a1, a2]−M [a1, a2] ∈ L .
Using the universal acyclicity of rank 2 quantum cluster
algebras, we apply the following theorem.
Theorem 10. ([1, Theorem 1.6]) The triangular basis does not
depend on the choice of initial cluster and it contains all clus-
ter monomials.
Similar to the support condition for (quantum) greedy el-
ements, we make the following conjecture about the supports
of triangular elements.
Conjecture 11. Let (a1, a2) ∈ Φ
im
+ . For 0 ≤ p ≤ a2, 0 ≤ q ≤
a1, the pointed coefficient e(p, q) of X
(bp−a1,cq−a2) in C[a1, a2]
is nonzero if and only if
bp2 + bcpq + cq2 ≤ ca1q + ba2p.
O
A
B
C
p
q
Fig. 2: The conjectured support region of triangular basis ele-
ments is the closed region OAC with a curved edge AC, where
O = (0, 0), A = (a2, 0), C = (0, a1). The support region of the
(quantum or non-quantum) greedy element pointed at (a1, a2)
is the polygon OABC, where B = (a1/b, a2/c). Note that the
line BA (resp. BC) is tangent to the curved edge AC at point
A (resp. C).
5. Open Problems
In this section we present open problems and conjectures on
the triangular basis and quantum greedy basis of a rank 2
quantum cluster algebra. Our aim is to find Z[v±1]-bases of
Av(b, c) satisfying the properties laid out in the following def-
inition.
A basis B for Av(b, c) is said to be strongly positive if the
following hold:
(1) each element of B is bar-invariant;
(2) B is independent of the choice of an initial cluster;
(3) B contains all cluster monomials;
(4) any product of elements from B can be expanded as a linear
combination of elements of B with coefficients in Z≥0[v
±1].
Note that all elements in a strongly positive basis are uni-
versally positive. Indeed, consider multiplying a basis element
B ∈ B by a cluster monomial X
(a1,a2)
1 with a1, a2 sufficiently
large to clear the denominator in the initial cluster expansion
of B. By properties (3) and (4) of a strongly positive basis
the product BX
(a1,a2)
1 is in Z≥0[v
±1][X1, X2] and thus we see
that a strongly positive basis element has non-negative coef-
ficients in its initial cluster expansion. It then follows that B
is universally positive because it is independent of the choice
of an initial cluster.
Kimura and Qin [15] showed the existence of bases for
acyclic skew-symmetric quantum cluster algebras (hence for
Av(b, c) with b = c) which satisfy (1), (3), (4). In the rank 2
case, their bases are exactly the triangular bases, hence satisfy
(2) as well (see [1, Remark 1.8]).
Conjecture 12. Given any strongly positive basis B there exists
a unique basis element pointed at (a1, a2) for each (a1, a2) ∈
Z2.
It is easy to see that property (3) of strongly positive bases
together with Conjecture 12 imply that every element of B is
pointed. We note that the conclusion of Conjecture 12 holds
for both the quantum greedy basis and the triangular basis.
In what follows, we write Y ≤ Z for Y,Z ∈ Av(b, c) if
Z − Y is a Laurent polynomial with coefficients in Z≥0[v
±1].
Conjecture 13.
(a) There exists a unique strongly positive basis Bupper
satisfying
(
the basis element in
B pointed at (a1, a2)
)
≤
(
the basis element in
Bupperpointed at (a1, a2)
)
for every strongly positive basis B and every (a1, a2) ∈ Z
2.
(b) The triangular basis is Bupper.
Conjecture 14. Suppose that b|c or c|b.
(a) There exists a unique strongly positive basis Blower sat-
isfying
(
the basis element in
Blower pointed at (a1, a2)
)
≤
(
the basis element in
B pointed at (a1, a2)
)
for every strongly positive basis B and every (a1, a2) ∈ Z
2.
(b) The quantum greedy basis is Blower .
In contrast to the example at the end of Section 3, we do
not observe a failure of positivity when (b, c) = (1, 5), (1, 6),
(2, 4), (2, 6), (3, 3), (3, 6). This provides the motivation for
assuming the condition ‘b|c or c|b’ in Conjecture 14.
Conjectures 12, 13 and 14 are trivially true for for finite
types (bc < 4), and are also known for affine types (bc = 4)
[19, 20].
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Next we study the expansion coefficients relating the
various bases. Let us begin by introducing notation.
For (a1, a2), (a
′
1, a
′
2) ∈ Z
2 we define expansion coefficients
qa1,a2
a′1,a
′
2
, ra1,a2
a′1,a
′
2
∈ Z[v±1] as follows:
X[a1, a2] =M [a1, a2] +
∑
(a′1,a
′
2)<(a1,a2)
qa1,a2
a′1,a
′
2
M [a′1, a
′
2]; [3]
C[a1, a2] = X[a1, a2] +
∑
(a′1,a
′
2)<(a1,a2)
ra1,a2
a′1,a
′
2
X[a′1, a
′
2], [4]
where we write (a′1, a
′
2) < (a1, a2) when a
′
1 < a1 and a
′
2 < a2.
We now derive a recursion for the expansion coefficients
in equation [4] relating the triangular basis to the quantum
greedy basis. Our main ingredients will be the defining prop-
erties (P1) and (P2) of the triangular basis. Note that since
each X[a1, a2] is bar-invariant, we have r
a1,a2
a′1,a
′
2
= ra1,a2
a′1,a
′
2
by
(P1) .
For f ∈ Z[v±1] let [f ]≤0 denote the non-positive part of
f , i.e. in f we evaluate v = 0 in all terms for which this
makes sense. With this notation, we note that since ra1,a2
a′1,a
′
2
is
bar-invariant, it is determined by [ra1,a2
a′1,a
′
2
]≤0.
Proposition 15.[
ra1,a2
a′′1 ,a
′′
2
]
≤0
= −
∑
(a′1,a
′
2)>(a
′′
1 ,a
′′
2 )
[
ra1,a2
a′1,a
′
2
q
a′1,a
′
2
a′′1 ,a
′′
2
]
≤0
. [5]
This says that we have an easy recursive way to compute the
decomposition in equation [4] if we know the decomposition
in equation [3].
This proposition can be proved by reducing equation [3]
mod L to get
ra1,a2
a′1,a
′
2
X[a′1, a
′
2] ≡
[
ra1,a2
a′1,a
′
2
]
≤0
M [a′1, a
′
2]+∑
(a′′1 ,a
′′
2 )<(a
′
1,a
′
2)
[
ra1,a2
a′1,a
′
2
q
a′1,a
′
2
a′′1 ,a
′′
2
]
≤0
M [a′′1 , a
′′
2 ] mod L.
[6]
Keeping in mind (P2), we reduce the equality [4] mod L and
apply equation [6] to arrive at the desired recursion.
Based on extensive computations using Proposition 15 we
make the following positivity conjecture.
Conjecture 16. For any (a1, a2) ∈ Z
2 the expansion coefficients
of the triangular basis element C[a1, a2] in terms of the quan-
tum greedy basis are positive; more precisely, we have
ra1,a2
a′1,a
′
2
∈ Z≥0[v
±1] for all (a′1, a
′
2) ∈ Z
2.
More generally, the expansion coefficients of any strongly
positive basis in terms of the quantum greedy basis are positive.
We end this article by summarizing the aforementioned
proven or conjectured properties of the quantum greedy basis
and the triangular basis.
quantum greedy basis
bar-invariant by Proposition 7
independent of initial cluster new result
contains all cluster monomials new result
positive expansion of products conjectured
consists of indecomposables true if universally positive
each element is pointed by definition
support for (a1, a2) ∈ Φ
im
+ Figure 1
bound of strongly positive bases conjectured
Table 1. Properties of the quantum greedy basis for b|c or c|b
triangular basis
bar-invariant by definition
independent of initial cluster proved in [1]
contains all cluster monomials proved in [1]
positive expansion of products conjectured
(proved for b = c in [15] )
consists of indecomposables false for bc ≥ 4
each element is pointed by definition
support for (a1, a2) ∈ Φ
im
+ conjectured, see Figure 2
bound of strongly positive bases conjectured
Table 2. Properties of the triangular basis
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